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2I. INTRODUCTION
Many strongly interacting many-body systems do not have quasiparticle excitations, for
instance, the strange metal phase of cuprate superconductors [1–3]. It is still challenging
for condensed matter physicists to understand the transport properties of strongly coupled
systems without quasiparticles at finite temperature. In recent years, holographic duality
provides a new approach for exploring these properties in the strongly correlated system[4–6].
The landmark achievement includes the universal bounds on diffusion rates of momentum,
charge, and energy proposed in [7, 8]. 1
To handle the transport properties in a strongly interacting system without quasiparti-
cles, a traditional tool is the memory matrix framework [12–20], in which a perturbative
expansion with small momentum relaxation rate Γ can be performed. In particular, at
leading order of expansion it can give rise to the universal Drude behavior of conductivity.
Recently, the research on incoherent transport from the perspective of holography has been
developed [8, 20–28]. These results can be extended by incorporating the laws of relativis-
tic conformal hydrodynamics at the phenomenological level(see [18] or Eq.(1.3) in [24]), in
which the conductivity can be decomposed into coherent contribution due to the momentum
relaxation and incoherent contribution due to intrinsic current relaxation. Since the incoher-
ent conductivity is decoupled from the momentum [8], it is supposed to capture the intrinsic
behavior of the electric transport, and then to be a completely intrinsic characteristic of
the system at low energy physics. Therefore, it is very crucial to understand its universal
features in more generic circumstances.
For a system with no momentum dissipation, one can define an incoherent current J inc,
a particular combination of the charge and heat currents, which has no overlap with the
momentum. Its corresponding conductivity σJincJinc (or σinc in shorthand) is finite and may
capture some universal transport properties. Its direct current (dc) conductivity turns out
to be universal and can be obtained by the hydrodynamic method for a class of holographic
1 Some extended studies have also been explored in [9–11].
3models as[18, 25]
σinc ≡ σQ = Z+
( sT
ǫ+ P
)2
. (1)
However, for a system with momentum dissipation, it usually becomes hard to obtain
such incoherent current. Nevertheless, it is shown in a recent paper [24] that it may be
extracted out in some specific holographic models, for instance, in the Einstein-Maxwell
(EM) theory with axions. The key observation in this framework is that the linearized
perturbation equations can be decoupled by redefining perturbation variables such that we
can construct a new orthogonal basis J± for the currents instead of the usual charge current
J and heat current JQ. As a result the corresponding response matrix is diagonal, namely,
χJ+J− = 0. More importantly, it can be found that these independent currents go back
to J inc and momentum, respectively, when the momentum dissipation vanishes. At slow
momentum dissipation, they are responsible for the incoherent and coherent contribution of
the low frequency conductivity, respectively.
In this paper, we intend to demonstrate that the incoherent part of conductivity can be
extracted out for a large class of Einstein-Maxwell-dilaton (EMD) gravity theories with mo-
mentum dissipation by decoupling the linearized perturbation equations. Our work further
confirms the universality of incoherent transport in the holographic approach. In addition,
we systematically derive the low frequency behavior of conductivity at slow momentum dis-
sipation for a large class of holographic models, including the Gubser-Rocha EMD model
with vanishing ground state entropy [29].
Our paper is organized as follows. In Sec.II, we derive the decoupling equations for a
class of EMD-axion theories and define the independent currents. In Sec.III, we simplify
the analysis of the conductivity by relating it with the diagonal response matrix of the
independent currents. And then the analytic expression of the low frequency conductivities
in the presence of slow momentum dissipation is obtained in Sec.IV. The conclusions and
discussions are present in Sec.V.
II. EMD-AXION MODEL
EMD theories have been widely studied in the context of holographic gravity (for instance,
see [30, 31] and the references therein). Here we are interested in a class of EMD gravity
4theories whose action can be written as a general form
S =
∫
d4x
√−g
(
R− Z(ϕ)
4
F 2 − β(ϕ)
∑
I=x,y
(∂φI)
2 − 1
2
(∂ϕ)2 + V (ϕ)
)
, (2)
where the coupling terms Z(ϕ), β(ϕ) and the potential V (ϕ) are general functions of dilaton
field ϕ, which allows us to study a large class of EMD models. The momentum dissipation
is introduced by setting the axions φx = mx, φy = my, as orginally proposed in [32]. m is
an arbitrary real number, characterizing the strength of momentum dissipation.
We consider the following ansatz for the background, which is supposed to be a black
brane with asymptotically antiCde Sitter structure:
ds2 = −r2f(r)dt2 + dr
2
f(r)r2
+ r2g(r)(dx2 + dy2) , (3)
A = At(r)dt , ϕ = ϕ(r) . (4)
If the position of the horizon is set at r0 by f(r0) = 0, then the bulk geometry described by
the above metric is dual to a CFT with charge density q, entropy density s, and temperature
T that are separately given by
q = Zr2gA′t(r) , s = 4πr
2
0g(r0) , T = r
2
0f
′(r0)/(4π) . (5)
Now we intend to investigate the transport properties of conductivity in the dual field
theory. To do so we turn on the following perturbations around the background solution in
(3) and (4):
Ax = ax(r)e
−iωt , δφx := χx(r)e
−iωt
δgtx := r
2g(r)htx(r)e
−iωt , δgrx := r
2g(r)hrx(r)e
−iωt . (6)
Then, we can obtain three independent linearized perturbation equations, which read as
2m2βhtx − f
g
(g2r4ψ)′ + iω2mβχx =
qf
g
a′x , (7)
2m2βhrx +
iωgψ
f
− 2mβχ′x = −
iωq
r4fg
ax , (8)
(Zr2fa′x)
′ +
ω2Z
r2f
ax + qψ = 0 . (9)
where ψ ≡ h′tx + iωhrx and the prime denotes a derivative with respect to r. The coupling
functions Z, β depend on r through the scalar field Z(r) = Z(ϕ(r)), β(r) = β(ϕ(r)). The
5axion perturbation equation of χx can be deduced by Eqs.(7) and (8) and we do not write
it here.
After defining y = g2r4ψ+qax and removing the variable χx, these perturbation equations
can be further simplified as
(
f
βg
y′)′ + (
ω2
r4βgf
− 2m
2
g2r4
)y +
2m2
g2r4
qax = 0 , (10)
(Zr2fa′x)
′ + (
ω2Z
r2f
− q
2
g2r4
)ax +
q
g2r4
y = 0 , (11)
which are two coupled differential equations of y, ax. They take the same form as the
differential equations (A1) and (A2) in Appendix A, with C˜
C
= 2m2,
√
α = (Zβgr2)−1/2, and
K =
1
q
(−g2r4((√α)′Zr2f)′ + q2√α− 2m
2
√
α
) . (12)
In general, it is not easy to figure out whether Eqs. (10) and (11) can be decoupled. However,
if the quantity K defined above is a constant, then we find it is completely possible to
decouple them, as discussed in Appendix A. Here, if the background solution of the electric
field satisfies
At(r) = µ− q
√
α , or β = (
1√
α
)′, (13)
then K becomes
K =
1
q
[r4g2(
f
g
)′ − q(At(r)− µ)− 2m
2
√
α
]. (14)
With the use of the equations of motion, one can prove that K is a constant indeed, which
means the perturbation equations can be decoupled if the condition presented in (13) is
satisfied. First of all, we point out that the following two typical solutions in holographic
models satisfy this condition.
• The first one is simply the standard black brane solution in the EM model with
momentum dissipation, which can be obtained by setting ϕ = 0, Z = 1, β = 1/2, and
V = 6 [24, 32].
• The second one is based on the Gubser-Rocha solution in the EMD model in [29]. The
momentum dissipation effect can be introduced by explicitly incorporating axions into
the action
S =
∫
d4x
√−g
(
R− e
ϕ
4
F 2 −
∑
I=x,y
(∂φI)
2 − 3
2
(∂ϕ)2 + 6 coshϕ
)
. (15)
6Setting φx = mx, φy = my, and under the ansatz (3) and (4), this model admits the
following solution,2
ϕ(r) =
1
3
log g(r) , f(r) = h(r)g(r) , (16)
g(r) = (1 +Q/r)3/2 , (17)
h(r) = 1− µ
2(Q + r0)
2
3Q
1
(Q + r)3
− m
2
(Q+ r)2
, (18)
At(r) = µ(1− Q+ r0
Q + r
) , (19)
where Q is a parameter, and r0, µ represent the position of the horizon and the chem-
ical potential, respectively. It is easy to check that this model satisfies the condition
(13) and thus its linearized perturbation equations can be decoupled.
Secondly, we should emphasize that the assumption (13) is just a sufficient condition to
ensure the decoupling. Whether it can be relaxed is still unclear and deserves further
investigation.
Before proceeding, we point out that K being a conserved quantity implies that it asso-
ciates with a scale symmetry. We now elaborate this point as below. It is more convenient
to discuss this problem by using the following ansatz:
ds2 = −a(r)dt2 + b(r)dr2 + c(r)(dx2 + dy2) , (20)
A = At(r)dt , φx = φx(x) , φy = φy(x) . (21)
Substituting them into the action (2), one has
S =
∫
d4x(
a2b(c′)2 + 2abca′c′ + abc2Z(A′t)
2
2(ab)3/2c
− (ab)1/2β((∂xφx)2 + (∂yφy)2)) , (22)
where we have ignored the total derivative terms. The above action is invariant under the
scale transformation
c→ λc , a→ λ−2a , At → λ−1At , φx → λ1/2φx , φy → λ1/2φy . (23)
Then, similar to the Noether conservation law, we can obtain the following equation:
∂r(
1√
ab
(c2(
a
c
)′ − cZA′tAt))−
√
abβ(∂x(φx∂xφx) + ∂y(φy∂yφy)) = 0 . (24)
2 A similar result can be obtained for the Gubser-Rocha EMD model in the framework of massive gravity
[33].
7For our EMD-axion model, we have a = 1/b = r2f, c = r2g, φx = mx, φy = my, and then
the above equation becomes
∂r(r
4g2(
f
g
)′ − qAt)− 2m2β = 0 , (25)
where r2gZA′t = q has been used. Since we have also introduced the decoupling condition
(13), the above result becomes a conservation equation,
∂r(r
4g2(
f
g
)′ − qAt − 2m
2
√
α
) = 0 . (26)
It means that the fact K is a constant is a reflection of the scale symmetry of the EMD-axion
model.
Since K is a constant under the condition presented in (13), we may evaluate it at the
horizon r0, which can be rewritten as
K =
1
q
[sT + qµ− 2m
2q
µ
] =
1
q
[ǫ+ P − 2m
2q
µ
] (27)
where Eq.(5) and the relation ǫ+P = sT+qµ have been used. Next, following the discussion
at the end of Appendix A we may decouple Eqs. (10) and (11) by redefining new variables
as [see Eq. (A7)]
v± =
1√
Zβr2g
(r4g2(h′tx + iωhrx) + qax) + η±ax , (28)
where the constants η± are given by
η± =
−K ±√K2 + 8m2
2
. (29)
Consequently, the decoupled equations of new variables v± read as
(Zr2fv′)′ +M(ω)v = 0 , (30)
with
M(ω) =
1
r4g2
√
α
(
sT − 2m
2q
µ
+ ηq + qAt(r)
)
+
ω2Z
r2f
, (31)
where v± and η± have been simply denoted as v and η, respectively.
Next, we intend to derive the relation between the currents sourced by the boundary value
of the decoupled variables and the original momentum T tx and electric current Jx, which
8are sourced by h
(0)
tx and a
(0)
x , respectively. Before proceeding, it is convenient to introduce
new decoupled variables s± as
s+ = − 1
η+
v+ , s− =
1
η−
v− , (32)
which obey the same differential equation (30) as v±. In the subsequent section, we alter-
nately use v± and s±, depending on the convenience of discussion. We also assume that near
the boundary, a generic bulk field perturbation Φ(r) can be expanded like
Φ(r) =
∑
n
Φ(n)
rn
. (33)
Then, with the use of equations of motion (7) and (8) as well as expression (28), the pair
of new sources s
(0)
± can be expressed in terms of the original sources as
3
v
(0)
± = 2m
2h
(0)
tx + η±a
(0)
x , (34)
s
(0)
+ = −
1
η+
v
(0)
+ , s
(0)
− =
1
η−
v
(0)
− . (35)
Suppose the corresponding currents sourced by s
(0)
± are J
±
s . Since the transformation of the
sources and currents should preserve the form of the perturbed action, namely,
T txh
(0)
tx + J
xa(0)x = J
+
s s
(0)
+ + J
−
s s
(0)
− , (36)
from the relation of sources in (35) one can derive the relation of currents given by
J±s =
T tx + η±Jx
η− − η+ . (37)
Now, we have obtained a new pair of sources [Eqs. (34) and (35)] and their corresponding
currents [Eq.(37)], which are the major results from the decoupling process. So far, they
are just a consequence of the special mathematical structure in the considered EMD-axion
models. Next, we present a brief discussion on their property and find that this decoupling
implies a decomposition of the incoherent and coherent transport.
(1) Because the current J+s (J
−
s ) depends only on s
(0)
+ ( s
(0)
− ), there is no overlap between
these two currents J±s , i.e., the response function χJ±s J∓s = 0, which indicates that J
+
s and
J−s are independent with each other. We thus call them “independent currents”. As we see
in the next sections, this property leads to a decomposition of the conductivity into two
3 Here, we assume Z(ϕ)|r→∞ = 1, β(ϕ)|r→∞ = 1 .
9individual parts and makes it possible to obtain an analytic low frequency conductivity at
small m.
(2) For the case of translational invariance, i.e., m→ 0, from Eqs.(29) and (37), we can
see that J+s describes the momentum. Then J
−
s becomes the incoherent current since now
it has no overlap with the momentum. This coincides with the result in [25] and J− = J inc
as
J inc = J−s =
sTJx − qJQ
ǫ+ P
, (38)
where all the thermal quantities should take value at m = 0 and the heat current expression
JQ = T tx−µJx has been used. It is then clear that the decoupling represents a decomposition
of the incoherent and coherent transport at m = 0.
In the next section, we begin to study the conductivity and we find the decoupling also
represents a decomposition of the incoherent and coherent transport for small momentum
dissipation.
III. CONDUCTIVITIES
In this section, we first derive the conductivities in terms of the response functions of
the independent currents J±s . Since the modes of sources s± are decoupled, the matrix
of the response function χs ≡ GRs (ω) − GRs (0) of currents J±s is diagonal and we denote
χs = diag(χs+, χs−).
Under the source transformation (34) and (35) and the current transformation (37), the
Kubo formula [4],

 J
JQ

 =

 σJJ , σJJQ
σJQJ , σJQJQ



 E
−∇T/T

 , (39)
becomes

 J+s
J−s

 =

 χs+ , 0
0 , χs−



 s(0)+
s
(0)
−

 . (40)
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Then, it is straightforward to express the conductivities as
σJJ =
1
iω
(χs+ + χs−) , (41)
σJJQ = −
1
iω
((η− + µ)χs+ + (η+ + µ)χs−) , (42)
σJQJQ =
1
iω
((η− + µ)
2χs+ + (η+ + µ)
2χs−) . (43)
As a consequence, the conductivities in Eq. (39) can be calculated through the above
equations once all the response functions χs are known. Next we explicitly derive their
forms in terms of the perturbation fields following the standard procedure in the context of
the linear response theory in the holographic approach.
Usually, we can expand the action with respect to some perturbation fields ΦI(k, r) as
(up to the second order)
S(2)[φ] =
∫ rH
rB
dr
d3k
(2π)3
Φ′(−k, r)AΦ′(k, r) + Φ′(−k, r)BΦ(k, r) + Φ(−k, r)CΦ(k, r) (44)
where kx = −ωt + k · x. Φ represents all ΦI and the matrices A(r), B(r, k), C(r, k) are
independent of these perturbation fields. Then, the perturbed equation of motion of Φ(r, k)
read as 4
(C(r, k) + CT (r,−k))Φ = ((A+ AT )Φ′)′ − BT (r,−k)Φ′ + (B(r, k)Φ)′ , (45)
and the retarded Green function as pointed out in [34] is
GRIJ(k) = −2(r−2AIK)(0)κKJ(k) +B(0)IJ (k) , (46)
where the index 0 again means taking value at the boundary and κIJ(k) denotes the linear
relation Φ
(1)
I (k) = κIJ(k)Φ
(0)
J (k).
Now for ΦI = s = (s+, s−) with k = 0, the equations in (45) should be decoupled and
become
(As′)′ +
1
2
(B(r, ω)− B(r,−ω))s′ + 1
2
(B′(r, ω)− C(r, ω)− C(r,−ω))s = 0 . (47)
Comparing the above equation with Eq.(30) (which is also the differential equation of s ),
one has B(r, ω) = 0 and A is diagonal, whose elements, denoted as diag(A++, A−−), are
proportional to Zr2f . We can then choose
(r−2A++)
(0) = (r−2A−−)
(0) = −Λ±
2
, (48)
4 Taking A as a symmetric matrix has no effect on the results.
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where Λ± are arbitrary constants. Therefore, the response function χs can be derived
through Eq.(46),
χs±(ω) = Λ±
(
s
(1)
± (ω)
s
(0)
± (ω)
− s
(1)
± (0)
s
(0)
± (0)
)
. (49)
Finally, we can obtain the conductivities in terms of the perturbation fields through
Eqs.(41)-(43) as
σJJ =
1
iω
(Λ+Θ+ + Λ−Θ−) (50)
σJJQ = −
1
iω
((η− + µ)Λ+Θ+ + (η+ + µ)Λ−Θ−) , (51)
σJQJQ =
1
iω
((η− + µ)
2Λ+Θ+ + (η+ + µ)
2Λ−Θ−) . (52)
where
Θ± ≡ s
(1)
± (ω)
s
(0)
± (ω)
− s
(1)
± (0)
s
(0)
± (0)
. (53)
Note that the expression of Θ± is invariant under the change of s → v. Up to the current
stage, we have found that the frequency dependence of conductivities can be determined
once the quantities Θ± and Λ± are known. Next we demonstrate that Θ± can be obtained
by solving the decoupled equation (30), while Λ± can be determined by the DC conductivity
and the incoherent conductivity.
IV. THE LOW FREQUENCY BEHAVIORS OF CONDUCTIVITIES
In this section we study the property of conductivities in the low frequency limit. The
decoupling results in Sec.II are a key step to obtain the analytic low frequency conductivi-
ties, since they decompose the conductivity into two individual contributions coming from
J±, respectively. Furthermore, we find that one part of the conductivity exhibits a Drude
behavior corresponding to a coherent transport while the other part is dominant by the
incoherent transport. Then, we not only give an analytic expression of the low frequency
conductivities , but also achieve a decomposition of the incoherent and coherent transport.
To derive the low frequency conductivities, according to the results in Sec.III , we derive
the expression of Θ± by approximately solving decoupled equations (30) with low frequency
expansion. For this purpose, it is convenient to write v as
v = f−iω/(4πT )v0(r)F (r) , (54)
12
where v0 is a zero frequency solution to Eq.(30) with ω = 0, which can be chosen as
v0(r) ≡ 1 + q
η
√
α , (55)
and F (r) is regular at the horizon which can be expanded as
F (r) = F0 + F1(r)ω +O(ω2) . (56)
For simplicity, here we still use one character to denote the two solutions of Eq.(30). Since
the two equations are only different with parameter η±, we can write, for instance, F =
(F+(η+), F−(η−)) and so on. Without loss of generality, we can choose F0 = 1. Then
Θ = (Θ+,Θ−) can be expressed as
Θ =
v(1)(ω)
v(0)(ω)
− v
(1)(0)
v(0)(0)
=
F
(1)
1 ω +O(ω2)
1 + F
(0)
1 ω +O(ω2)
. (57)
By substituting the expression in (54) into Eqs.(30), we can derive the following equation
of F1
5
F ′1(r) = i
Zr2v20f
′ − 4πT (Zv20)|r+
4πTZr2fv20
, (58)
whose solution provides results to F
(0)
1 , F
(1)
1 and thus determines the low frequency conduc-
tivity. F
(1)
1 can be obtained directly from Eq.(58) as
F
(1)
1 = i(Zv
2
0)|r+ = iZ(r+)
(
1 +
µ
η±
)2
, (59)
which determines the DC conductivity. F
(0)
1 , which is usually hard to solve, can be obtained
at small m.
We first discuss the DC conductivity, which reads as [with the use of Eq.(50)]
σDC = Λ+Z(r+)
(
1 +
µ
η+
)2
+ Λ−Z(r+)
(
1 +
µ
η−
)2
. (60)
Obviously, the above expression is decomposed into two contributions from the independent
currents J±. When m = 0, the first part from the momentum contribution is divergent due
to the translational invariance, while the second part provides the incoherent conductivity
which should be the same as Eq.(1),
σinc = Z(r+)
( sT
ǫ+ P
)2∣∣∣
m=0
≡ σQ . (61)
5 We have assumed r2f ′ = 0 at r =∞.
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Then the coefficient Λ− can be determined as an expansion form of slow momentum Λ− =
1+O(m2). Now we can further determine Λ+ by comparing the expression in (60) with the
DC conductivity result calculated via the horizon data [35, 36], 6
σDC = Z(r+)
(
1 +
µ2
2m2
)
. (62)
In the case of slow momentum dissipation, we can simply rewrite Eq.(60) as
Λ+Z(r+)
(
1 +
µ
η+
)2
= σDC − σQ +O(m2) . (63)
Next, we study the low-frequency behavior of conductivities with slow momentum dis-
sipation (small m). Explicitly, we treat ω and m2 as the same order. Usually it is hard
to obtain an analytical solution of F
(0)
1 (r) from Eq.(58). Nevertheless, what we are mainly
concerned with is whether there exists the electric current dissipation, which can be signaled
by the appearance of a pole in the expression of conductivity. Observing the expression in
Eq.(57), we find only when F
(0)
1 becomes divergent as m→ 0, the conductivity may have a
pole structure.
For η = η−, since F ′1(r) is regular as m→ 0, and so does F (0)1 , there is no pole structure
in Θ− and then we can write
Θ− = σQ +O(m2, ω) , (64)
without losing the interesting properties. This implies that J− can be an incoherent cur-
rent at small m, since its contribution to the conductivity is dominant by the incoherent
conductivity
For η = η+, F
(0)
1 is divergent as m→ 0. Thus the pole structure totally comes from the
contribution of J+, which implies that J+ is a coherent current, describing the dissipation
process. To solve F
(0)
1 for η = η+, it is convenient to introduce a new variable ψ(r)
ψ(r) ≡ F1(r)− i 1
4πT
lnf(r) , (65)
whose asymptotic behavior is like that of F1
ψ(0) = F
(0)
1 , ψ
(1) = F
(1)
1 . (66)
6 We can also refer to [37–42] for the analytical calculation on DC conductivity of holographic systems with
momentum dissipation.
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Then, to obtain F
(0)
1 , we need only deal with the equation of ψ(r), which is given from
Eq.(58) as
ψ′(r) = −i(Zv
2
0)|r+
Zr2fv20
. (67)
Integrating the above equation from the horizon to the boundary, we have
ψ(0) = −i(Z+(η+ + µ)2)
∫ ∞
r+
dr
Zr2f(η+ + q
√
α)2
,
= −i(Z+(η+ + µ)2)
( g
qf(η+ + q
√
α)
∣∣∣∞
r+
−
∫ ∞
r+
(
g
f
)′
dr
q
(
η+ + q
√
α
)) ,
= −i(Z+(η+ + µ)
2)
qη+
+O(1) ,
≡ −iΓ−1 +O(1) . (68)
Note that the divergence at r+ is not a genuine singular and would not affect our discussion
since the in-falling condition guarantees the regularity of F1. As a result, we have
Θ+ =
F
(1)
1 ω +O(ω2)
1− iωΓ−1 +O(1)ω +O(ω2) , (69)
with
Γ =
qη+
Z+(η+ + µ)2
=
2m2sβ
4π(ǫ+ P )
+O(m4) . (70)
Therefore, Θ+ exhibits a Drude behavior at low frequency regime with the dissipation rate
Γ ∼ m2 and thus is the coherent contribution to the conductivities. Note that since we have
neglected the subleading term O(1) in (68), which is the same order as O(m4) in (70), the
above expression is only viable at O(m2).
Finally, combining the incoherent and coherent contribution and using Eq. (63) and the
formulas in Eqs. (50)-(52) we obtain the low frequency conductivity at small momentum
dissipation
σJJ =
σDC − σQ +O(Γ, , ω)
1− iω/Γ + σQ +O(Γ, ω) (71)
σJJQ =
sT
q
(σDC − σQ) +O(Γ, , ω)
1− iω/Γ − µσQ +O(Γ, ω) , (72)
σJQJQ =
s2T 2
q2
(σDC − σQ) +O(Γ, , ω)
1− iω/Γ + µ
2σQ +O(Γ, ω) . (73)
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The above results can also be rewritten as
σJJ =
q2
ǫ+P
+O(Γ, ωΓ, ω2)
Γ− iω + σQ +O(Γ, ω) (74)
σJJQ =
qsT
ǫ+P
+O(Γ, ωΓ, ω2)
Γ− iω − µσQ +O(Γ, ω) , (75)
σJQJQ =
s2T 2
ǫ+P
+O(Γ, ωΓ, ω2)
Γ− iω + µ
2σQ +O(Γ, ω) . (76)
Now, we see clearly that the decoupling process in Sec.II leads to a coherent and incoherent
decomposition of the conductivities at small momentum dissipation. While the current
J+ provides a coherent Drude contribution, J− responds to the incoherent contribution.
This means that at small m, the transport comes from two individual contributions, the
dissipation and diffusion process, captured by the decoupling currents J±, respectively.
We also give the analytic low frequency conductivities at small momentum dissipation
for a large class of EMD-axion thories that coincide with the results derived from the hy-
drodynamic memory matrix technique up to the leading order. It is the first time to obtain
the analytic low frequency conductivities, which is valid for so many theories in holography.
It also confirms that a hydrodynamical description of dual field in holography is usually
suitable.
V. CONCLUSIONS AND DISCUSSIONS
In this paper we have investigated the incoherence of conductivity in the holographic
framework explicitly in terms of EMD-axion theory. The key ingredient in this analysis is
the decoupling of the linearized perturbation equations. Based on the decoupled equations,
we have introduced a new pair of independent currents J±s . When momentum is conserved,
they go back to the momentum and the incoherent current J inc respectively, which coincides
with the discussion about incoherence in [8]. For slow momentum dissipation, we have
derived the analytic expression for conductivity in the low frequency regime, which can be
viewed as a generalization of the results presented in [24]. We have demonstrated that it
can also be divided into two parts in the EMD-axion model as that in the Einstein-Maxwell
model [24], including the coherent contribution from J+ and the incoherent one from J−.
Our holographic argument here also confirms the general results derived in the context of
hydrodynamics up to the leading order of low frequency expansion.
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Our work has made progress on the understanding of the incoherent part of conductiv-
ity in a more general holographic circumstance. It would be quite possible to push our
investigation forward along the following directions in the future.
• In the fluid/gravity approach, the same results of low frequency conductivity as in [24]
have been obtained for the EM-axion theory in [43]. It is very worth extending this
to EMD-axion models and then making a comparison with our results in the current
paper, which might be helpful for us to understand the physical implication of the
decoupling condition as proposed in Eq.(13).
• Recently, from the memory matrix theory [44] as well as the fluid/gravity approach
[45], the low frequency behavior of the conductivity in magnetotransport has been
obtained. It is also worth exploring this subject from the incoherent and coherent
point of view.
• As we know, the assumption (13) is applicable to the EM-axion model and Gubser-
Rocha EMD-axion model. It would be interesting to figure out if we could find more
background solutions subject to this condition in a wide range of holographic models
such as hyperscaling-violating models.
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Appendix A: Useful tool for decoupling
In this appendix, we discuss the decoupling condition of two coupled differential equations
with the following general form,
(αAy′)′ + B˜y + C˜ax = 0 , (A1)
(Aa′x)
′ +Bax + Cy = 0 , (A2)
where equation variables y, ax are coupled to each other, and A, α, B, C, B˜, C˜ are all
functions of r. Introducing a new variable u = y/k(r) with k = 1√
α
, the above equations
become
(Au′)′ + (
B˜
α
− 1√
α
(
α′
2
√
α
A)′)u+
C˜√
α
ax = 0 , (A3)
(Aa′x)
′ +Bax +
C√
α
u = 0 . (A4)
It can be easily found that if there is a constant η satisfying
B˜
α
− 1√
α
(
α′
2
√
α
A)′ + η
C√
α
= B +
C˜√
α
1
η
, (A5)
then, multiplying Eq. (A4) with the constant η and combining it with Eq. (A3), we can
obtain the following decoupled equations,
(Av′)′ + (
B˜
α
− 1√
α
((
√
α)′A)′ + η
C√
α
)v = 0 , (A6)
with the decoupled variables defined as
v = u+ ηax =
√
αy + ηax . (A7)
The constant η is determined by the following equation:
η2 +Kη − C˜
C
= 0 , (A8)
K ≡ B˜
C
√
α
− 1
C
((
√
α)′A)′ − B
√
α
C
. (A9)
That is to say, if above Eq. (A8) has a constant solution, the perturbation equations (A1
and A2) can be decoupled into Eq. (A6). A simple example of Eq. (A8) with a constant
η solution is that the coefficients C˜
C
and K = B˜
C
√
α
− 1
C
((
√
α)′A)′ − B
√
α
C
are both constants.
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Note that the decoupling conditions of the coupled equations (A1) and (A2) we discussed
here are only the sufficient conditions, not necessary conditions.
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